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Note: Notation and terminology are understood to be as used in class. State
clearly the results you are using in your answers.

1. ( 3 × 5 = 15 marks ) Prove or disprove:

(i) Let Ω = {1, 2, 3, · · · }, B = power set of Ω, and µ(E) =| E | . Then
convergence in µ−measure is equivalent to uniform convergence.

(ii) Let (Ω,B, µ) be a σ−finite measure space. Suppose fn → f in
Lp(µ), and gn → g in Lq(µ); here (1/p) + (1/q) = 1. Then fngn → fg
in L1(µ).

(iii) Let µ denote the Lebesgue measure on (R,B(R)). If f ∈ L∞(µ)),
then ‖ fx − f ‖∞→ 0 as x → 0; here fx is defined by fx(y) = f(x +
y), y ∈ R.

2. ( 10 marks ) Let 0 < a, b <∞. Define

f(x) = xa−1(1− x)b−1, 0 < x < 1.

Show that f(·) is Lebesgue integrable on (0, 1).

3. ( 15 marks ) Let λ be a signed measure on a measurable space Ω,B).
Let λ = λ+ − λ− be its Jordan decomposition. For any E ∈ B, show
that

λ+(E) = sup{λ(F ) : F ⊂ E,F ∈ B},
λ−(E) = − inf{λ(F ) : F ⊂ E,F ∈ B}.

4. ( 3 + 7 = 10 marks ) Let 1 < p < ∞, and q = p/(p − 1). Let g ∈
Lq(Ω,B, µ), where µ is a σ−finite measure. Define G : Lp(Ω,B, µ)→ R
by

G(f) =

∫
Ω
f(ω)g(ω)dµ(ω), f ∈ Lp(µ).

(i) Show that G is a bounded linear functional on Lp(Ω,B, µ).

(ii) Find ‖ G ‖ .
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5. ( 4 + 6 = 10 marks ) Let f, g be nonnegative Borel measurable
functions on R; suppose f, g are also integrable with respect to the
Lebesgue measure.

(i) Show that the function (x, y) 7→ f(x − y)g(y) is Borel measurable
on R2.

(ii) Show that f ∗g is integrable with respect to the Lebesgue measure
and find ‖ f ∗ g ‖1 .
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