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Note: Notation and terminology are understood to be as used in class. State
clearly the results you are using in your answers.

1. (3 x 5= 15 marks ) Prove or disprove:

(i) Let Q@ ={1,2,3,---}, B = power set of Q, and p(E) =| E | . Then
convergence in gy—measure is equivalent to uniform convergence.

(ii) Let (Q,B,u) be a o—finite measure space. Suppose f, — f in
LP(u), and g, — g in LY(p); here (1/p) + (1/q) = 1. Then frg, — fg
in L ().

(iii) Let p denote the Lebesgue measure on (R, B(R)). If f € L>®(u)),
then || fz — f |loo— 0 as z — 0; here f; is defined by fz(y) = f(z +

y),y € R.
2. ( 10 marks ) Let 0 < a,b < co. Define
flz) = 2211 -2 o<z <1
Show that f(-) is Lebesgue integrable on (0, 1).

3. ( 15 marks ) Let A be a signed measure on a measurable space 2, 53).
Let A = A* — A\~ be its Jordan decomposition. For any E € B, show
that

AMT(E) = sup{\(F):FCE,F €B},
A (E) = —inf{\(F):FC E,FeB).
4. (3 +7=10marks ) Let 1 < p < oo, and ¢ = p/(p —1). Let g €

L1(Q, B, i), where u is a o—finite measure. Define G : LP(Q, B, u) — R
by

G(f) = /Q f(@)g@)dp(w), f e L"),

(i) Show that G is a bounded linear functional on LP(, B, ut).
(ii) Find | G || -



5. (4 + 6 = 10 marks ) Let f,g be nonnegative Borel measurable
functions on R; suppose f,g are also integrable with respect to the
Lebesgue measure.

(i) Show that the function (z,y) — f(z —y)g(y) is Borel measurable
on R2,

(ii) Show that f g is integrable with respect to the Lebesgue measure
and find || f*xg |1 -



